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Rocked thermal ratchets: The high-frequency limit
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~Received 8 October 1997; revised manuscript received 26 January 1998!

The generation of probability currents in periodically driven asymmetric periodic potentials is studied in the
high-frequency regime. Approximate values for the mean current are obtained by using a general analytic
treatment of the Fokker-Planck equation and an approximation based on the existence of two widely different
relevant time scales in the problem. The results allow us to understand how the ratchet effect tends to disappear
as the frequency grows. The same treatment is applied to tilted potentials.@S1063-651X~98!11005-X#

PACS number~s!: 05.40.1j, 82.20.Mj
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I. INTRODUCTION

The generation of probability currents in fluctuating no
equilibrium systems has recently attracted considerable
tention. In particular, the analysis of the fundamental ba
and the possible applications of fluctuation-induced trans
in driven asymmetric periodic potentials~ratchets! has been
the subject of intense work. Much of this research has b
carried out using a variety of models set up by changing
driving terms and the statistics of the noise in the basic s
tem in which the phenomenon was initially studied@1#. In
this way, different aspects of the effect have been con
ered, and interesting results, such as a peak structure in
dependence of the current on the noise intensity, and cur
reversals obtained by varying the magnitude of noise or
amplitude of the driving term@2–4#, have been found. Ther
are still some open questions, and in this respect emph
has been put on the need of analytical explanations for s
of the findings, and on a more detailed understanding of
fast-forcing limit. Apart from their intrinsic fundamental in
terest, some of these models can be relevant to analyze
cesses in biology, chemistry, and physics.

Here we have focused on arocked thermal ratchet, that is,
a ratchet with Gaussian white noise and a zero-mean peri
driving force. This simple and generic model, which h
been studied analytically in the adiabatic regime and num
cally for intermediate frequencies@4#, is especially appropri-
ate to analyze in a straightforward way the cooperative ef
on the appearance of a net current, of time correlations,
ken spatial symmetry, and noise. Our objective has bee
make analytical and numerical studies of the high-freque
limit, and identify the range of values for the amplitude a
frequency of the driving term, in which the ratchet effe
persists.

The outline of the paper is as follows. In Sec. II, follow
ing the method presented in Ref.@5#, the spatial periodicity
of the potential is used to rewrite the Fokker-Planck equa
as a recurrence relation, and to obtain the mean curren
terms of two coefficients of the Fourier series for the pro
ability density. The high-frequency limit is considered
Sec. III: we analyze which terms in the recurrence relat
are relevant to the generation of probability currents, a
discuss their dependence on the parameters of the dri
term. In Sec. IV the method is applied to implement a par
control of the dynamics by changing the shape of the eff
571063-651X/98/57~5!/5154~6!/$15.00
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tive potentials. The subject of Sec. V is the discussion, in
same framework, of ratchet effect in tilted systems. Fina
in Sec. VI some conclusions are summarized.

II. GENERAL THEORY

We consider an overdamped particle moving in an asy
metric periodic potential driven by a time-periodic term, a
under the action of thermal noise. Specifically we have st
ied the system defined by the Langevin equation

ẋ52]x$V~x!2xF~ t !%1j~ t !, ~1!

where the ratchet potential is given b
V(x)52k21@b1sin(kx)1b2sin(2kx)# @4#, for the driving
force we have takenF(t)5A sin(vt), and j(t) is Gaussian
white noise, i.e.,

^j~ t !&50,

^j~ t !j~ t8!&52Dd~ t2t8!. ~2!

The Fokker-Planck equation for the probability dens
W(x,t) is readily obtained@6#, and, in terms of the probabil
ity currentJ(x,t), is given by

]W~x,t !

]t
1

]J~x,t !

]x
50, ~3!

the current for our system being

J~x,t !5$b1cos~kx!12b2cos~2kx!

1A sin~vt !2D]x%W~x,t !. ~4!

As translational invariance is assumed, periodic bound
conditions are added,W(x,t)5W(x12p/k,t), and, making
use of this periodicity, the probability distribution function
expanded in a Fourier series

W~x,t !5 (
n52`

`

Cn~ t !einkx ~5!

whose normalization to one over the spatial period gives
valueC05k/2p.

Our aim is to obtain the mean current in the asympto
limit, t→`, in which a unique limiting distribution, indepen
5154 © 1998 The American Physical Society



ce
d
ll

od

s
o
s

ar
fo
e

in

as
a

h
b
i

ve
in
r
c
c

an
ic

r-
e
art
ns

istic
uc-
g
th

ing
en

g-

es
as

a
ible

ts
ate

re-
ticle

n

in
re-
me,

-

im-
of
al-
not
-

57 5155ROCKED THERMAL RATCHETS: THE HIGH- . . .
dent of the initial conditions, and periodic in time and spa
is reached. Therefore, according to the method presente
Ref. @5#, we make the following transformation, which wi
be particularly useful in the high-frequency limit:

c̃ n5CnexpF2 in
kA

v
cos~vt !G . ~6!

With this ansatz and the Bessel expansion@7#

eiz cosf5 (
l 52`

`

i lJl~z!eil f, ~7!

Eq. ~3! is reduced to

ċ̃ n52n2k2D c̃n2 ink~b1/2! (
l 52`

`

i lJl~kA/v!

3eil vt@~21! l c̃ n211 c̃ n11#2 inkb2

3 (
l 52`

`

i lJl~2kA/v!eil vt@~21! l c̃ n221 c̃ n12#, ~8!

and finally, the mean currentJ̄, that is, the probability cur-
rent doubly averaged over the spatial and temporal peri
is given by

J̄[
k

2p

v

2pEt

t12p/v

dt8E
0

2p/k

J~x,t8!dx

5b1 (
l 52`

`

Jl~kA/v!Re$ i l^ c̃1eil vt&T%

12b2 (
l 52`

`

Jl~2kA/v!Re$ i l^ c̃2eil vt&T%. ~9!

No approximations have been made until now: Eqs.~8!
and~9! have general validity. The functional form of Eq.~8!
is especially appropriate to implement successive order
approximation to the exact solution: in effect, the nondiag
nal couplings are expressed as series of Bessel function
increasing order multiplied by increasingly higher time h
monics, and, given the behavior of the Bessel functions
small arguments,kA!v, @7#, a perturbative scheme can b
set up.

The interplay of deterministic terms and fluctuations
the dynamics is clear from Eqs.~8! and ~9!: systems with
different noise intensities have the same mean current
function of v when their deterministic dynamics differ in
proper scale factor.

It is also interesting to point out that, because of t
double periodicity, in space and time, of the system, a dou
Fourier expansion can be used for the probability density
the asymptotic limit. Subsequently, the mean current, gi
by a compact expression of the coefficients, can be obta
by an infinite-matrix continued fractions calculation. Neve
theless, given our interest in studying the high-frequen
limit, we have opted to keep explicitly the time dependen
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in the coefficients: in this way we can now introduce
approximation that will allow us to go further in the analyt
treatment.

III. HIGH-FREQUENCY LIMIT

Our objective in this section is to identify in the recu
rence relation of Eq.~8!, the terms which are relevant to th
generation of a net current. To this end it is useful to st
considering the system in a regime defined by the relatio

n2k2D!v, n51,2,

nkbi!v, i 51,2. ~10!

In this case, there are two widely separate character
times in the system. First the time associated with the fl
tuations, 1/(k2D), and second, the period of the drivin
force, t52p/v. Because of the difference between bo
time scales, we can approximately solve Eq.~8! in two steps:
first, we make an average over the driving period, keep
only the slowly varying contribution due to noise; and th
we obtain the stationary limit in the averaged equation.

From the analysis of the relative contribution of the dia
onal and nondiagonal terms of Eq.~8! when the conditions
given by Eq.~10! are met, it is found that the time averag
over one period of the driving force can be approximated

^eil vt c̃ n~ t !&T5
1

tEt

t1t

eil vt8 c̃ n~ t8!dt8> c̃ n~ t !d l ,0 .

~11!

It is evident that with this approximation, equivalent to
coarse graining, it is assumed that noise has a neglig
effect on the dynamics during a driving period.

In this framework the secular variation of the coefficien
is readily obtained, and it follows that, in the steady st
limit,

052n2k2D c̃ n
`2 ink~b1/2!J0~kA/v!~ c̃ n21

` 1 c̃ n11
` !

2 inkb2J0~2kA/v!~ c̃ n22
` 1 c̃ n12

` !. ~12!

It is straightforward to check that this last equation cor
sponds to the stationary dynamics of an overdamped par
moving in the potentialV(x)52k21@b1J0(kA/v)sin(kx)
1b2J0(2kA/v)sin(2kx)# and under the action of the Gaussia
white noise defined by Eq.~2!. For this effective system the
stationary probability density is easily obtained@6#, the net
current being trivially zero as it corresponds to a system
equilibrium. Therefore, detailed balance is approximately
covered for the nonreduced system in the studied regi
and the effects of the driving term are merely arenormaliza-
tion of the bare potential and the introduction in the coeffi
cientsCn of the explicit time dependence given by Eq.~6!.
We must remark that the absence of a ratchet effect is
plicit in the assumption made about the negligible effect
noise over the time scale of the driving force: given the v
ues assumed for the noise intensity, time correlations are
sufficiently slow to be effective in the definition of a pre
ferred direction in the asymmetric potential.
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5156 57J. PLATA
Information about the dynamics of the system in oth
regimes can be obtained by analyzing the terms neglecte
the study. From the above results, which correspond t
zero-order approximation to the solution of Eq.~8!, it is evi-
dent that the terms given by Bessel functions of order diff
ent from zero are responsible for the existence of net curr
in any regime. Therefore, the relevance to the dynamics o
least the first-order terms is a necessary condition for
presence of a net drift speed. Given the properties of
Bessel functionsJ1(kA/v) and J1(2kA/v) for small argu-
ments,kA!v, @7#, we can conclude that, in the fast-forcin
regime for a fixed value of the amplitude of the drivin
force, the ratchet effect tends to disappear for increasing
quencies. Note that the oscillations of the Bessel functi
can lead to a nontrivial behavior of the mean velocity
intermediate frequencies when the amplitude or frequenc
the driving force is varied. Obviously as the frequency d
creases more terms are necessary to give a good descr
of the system, and explicit analytic solutions become m
difficult.

A more complete estimation of the magnitude of the p
turbative terms can be made analytically by using the ze
order probability density as the weight function. In this w
approximate compensation of higher-order terms can exp
the disappearance of net transport for certain sets of pa
eters. Nevertheless, a more quantitative ground is neede
a detailed analysis of the system. In order to achieve this,
taking into account that the specific dependence of the
currents on the coefficients requires high-accuracy meth
in the numerical solution of the problem, we have solved
complete system and its first-order approximation vers
using an infinite-matrix continued fraction calculation fro
the framework given by Eqs.~8! and ~9!.

Our results illustrate the key role played by the argum
kA/v in defining the effectiveness of the time correlation
In effect, in Fig. 1, where we present the mean currents vA
for fixed values of the frequency and noise intensity, it c

FIG. 1. Probability current vs the amplitude of the driving for
A for the parametersb151, b250.25, andk52p ~these potential
parameters are used in all the figures!; also,v510 andD50.1. ~a!
Exact results.~b! First-order approximation results.
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be seen that askA/v grows the driving is effectively acti-
vated in the system and there is an increase in the magni
of the current; for small arguments the first-order approxim
tion gives a good description of the dynamics. Eventually,
the Bessel functionsJ2(kA/v) andJ2(2kA/v) reach signifi-
cant values, the agreement between the exact and app
mate results is lost. In Fig. 2, we plot the currents vsD for
different frequencies and the samekA/v. We had advanced
that in the weak noise regime, even with a fixed value of t
argument, the importance of the nondiagonal terms in
recurrence relations must diminish as the frequency gro
The results presented in Fig. 2 corroborate this assumpt
for small values ofD, when the frequency is increased the
is an attenuation of the net transport. Note also the beha
found when the time associated with the fluctuations is co
parable to the driving period: for increasing frequencies
maximum in the magnitude of the current and the satura
point of the ratchet effect are both shifted toward high
noise intensities.

IV. DRESSED POTENTIALS: EFFECTIVE PROBABILITY
DENSITIES

In this section we want to explore the possibility of usin
the previous results to alter the dynamics of the system
controlled way. It was concluded that in the zero-order a
proximation the effect of the driving term is arenormaliza-
tion of the bare potentials. In the high-frequency limit thi
effect gives rise to a reduction of the barriers, and theref
to a higher effective diffusion constant. It is neverthele
outside this regime where the zero-order Bessel functi
differ significantly from 1, and consequently where no
trivial changes in the shape of the potentials can be obser

We want to show that even outside the range of valid
of the zero-order approximation the method presented p
vides us with a certain predictive power to implement a p
tial control of the system by properly choosing the para
eters of the driving term. In this sense, the following ide

FIG. 2. Probability current vs noise strengthD for kA/v50.1,
v520 ~a!, v530 ~b!, andv540 ~c!. The results of the first-orde
approximation fall into the exact curves.
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must be taken into account. First, the possibility of choos
the weight of one of the time dependent terms in Eq.~8! can
always be used to optimize a particular effect. Second,
analytic knowledge of the zero-order probability density
lows us to predict approximately the magnitude of any te
in the recurrence relation provided the perturbative schem
still valid. Finally, the relevance of all the time depende
terms can be globally reduced by working with sufficien
high frequencies.

The results of an example of practical use of these id
are presented in Figs. 3 and 4. In Fig. 3, thebarepotential is
compared with thedressedpotential for a particular choice
of the parameters of the system. In Fig. 4, the values of
probability density in the zero-order approximation are co

FIG. 3. Bare~dashed curve! and dressed~solid curve! potentials,
for v520, kA/v53.8317, andD50.1.

FIG. 4. Probability density forv520, kA/v53.8317, andD
50.1. Exact stationary results fort50 ~a1!, t5t/4 ~a2!, t5t/2
~a3!, and t53t/4 ~a4!; zero-order approximation results~b!. The
origin in the vertical axis is arbitrary.
g

e
-
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t
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e
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pared with the exact ones. With this example we are focus
on one aspect of the dynamics that can be controlled:
system can be lead to a completely different equilibrium c
figuration in which detailed balance is approximately reco
ered, and where the positions of the maxima and mini
have substantially changed. In effect, for the case studied
probability current is very small,J̄52331025, and the dis-
tribution function hardly oscillates around its average~zero-
order! value. This dynamical behavior has been forced
taking kA/v53.8317, which, being a zero of the first-ord
Bessel function and leading to a small value forJ1(2kA/v),
reduces the effect of the first-order time correlations in
significant way; additionally, the zero-order distributio
function has allowed us to predict the approximate comp
sation of the second-order terms. Finally, we have minimiz
the effect of the higher-order terms by working with a hig
frequency,v520.

V. RATCHET EFFECT IN TILTED SYSTEMS

Recently, the existence ofratchet effectsin biased asym-
metric periodic potentials has been pointed out@8#. For these
potentials, the combined effect of broken spatial symme
and time correlations produces qualitative changes in
mean velocity of the system when compared with the sy
metric case, and evenuphill movement has been found for
small bias and anappropriateorientation of the ratchet. In
order to discuss the persistence of these effects in the h
frequency limit, we have applied the above treatment to
system defined by the Langevin equation

ẋ5a1b1cos~kx!12b2cos~2kx!1A sin~vt !1j~ t !.
~13!

Following the method introduced in Ref.@5#, we write the
bias forcea in the form

ka5rv1k ã, ~14!

wherer is an integer. Now making a transformation simil
to the one given by Eq.~6!, after minor algebra, for the
coefficients of the probability density we obtain the differe
tial recurrence relation

ċ̃ n52~ ink ã1n2k2D ! c̃ n2 ink~b1/2! (
l 52`

`

i l 1rJl 1r~kA/v!

3@~21! l 1re2 i l vt c̃ n211eil vt c̃ n11#

2 inkb2 (
l 52`

`

i l~21!rJl 12r~2kA/v!

3@~21! le2 i l vt c̃ n221eil vt c̃ n12#, ~15!

and, for the mean current in the tilted system,
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5158 57J. PLATA
J̄5
k

2p
a1b1 (

l 52`

`

Jl 1r~kA/v!Re$ i l 1r^ c̃1eil vt&T%

12b2 (
l 52`

`

Jl 12r~2kA/v!~21!rRe$ i l^ c̃2eil vt&T%.

~16!

Again, if the high-frequency regime defined by the co
ditions of Eq.~10! is considered, and, adding in this case t
restriction

nk ã!v, n51,2, ~17!

an approximation similar to the one already presented
unbiased potentials can be made. In this framework we
tain the following equation for the coefficientsc̃ n

` of the
probability distribution function in the steady state limit

052~ ink ã1n2k2D ! c̃ n
`2 ink~b1/2!Jr~kA/v!i r

3@ c̃ n21
` ~21!r1 c̃ n11

` #

2 inkb2J2r~2kA/v!~21!r~ c̃ n22
` 1 c̃ n12

` !, ~18!

and, being consistent with the approximation made for
coefficients, the mean current in the tilted system fort→`,
is given by

J̄5
k

2p
a1b1Jr~kA/v!Re$ c̃ 1

`i r%

12b2J2r~2kA/v!~21!rRe$ c̃ 2
`%. ~19!

From these equations it is clear that in this approximat
the dynamics in the rocked thermal biased ratchet is redu
to a process of diffusion without time correlations in an
fective biased periodic potential, thebare potentialdressed
by the driving term. Therefore it is evident that ratchet effe
understood as the appearance of an effectivegradientgener-
ated by the interplay between spatial asymmetry and n
equilibrium driving, does not exist for the nonreduced s
tem in the described regime. The stationary probabi
distribution function for the effective system can be obtain
in terms of a double quadrature@6#, and the existence o
detailed balance is determined by the values of the biaa,
the renormalized coefficients b1Jr(kA/v) and
b2J2r(2kA/v), and the noise strengthD. The possible pres
ence of net currents in this system is simply rooted in
bias term.

This analysis, which defines the validity of the zero-ord
approximation, also gives an analytical criterion to ident
and evaluate the terms responsible for the existence
ratchet behavior in any regime. Indeed, we notice that i
necessary to keep at least first-order terms, that is, give
this case byJr 61(kA/v) andJ2r 61(2kA/v), to have effec-
tive time correlations. Restricting ourselves to the particu
case of small bias (ukau,v) (r 50), interesting for the study
of possibleuphill movement, we see that again the behav
of Bessel functions of order different from zero for sm
arguments,kA!v @7#, reveals that, in the fast-forcing re
-
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gime, for a fixed value of the driving amplitude, the ratch
effect is attenuated for growing frequencies.

One important characteristic of the dynamics in driv
tilted potentials is the presence of steplike structure in
dependence of the current on the bias@5,8#. Equations~18!
and ~19! give insight into some features of this behavior
ratchet potentials. For eachr there is a different effective
potential. In the deterministic case the system is locked w
ã is smaller than the potential barrier; therefore, the wid
of the Shapiro steps can be obtained in terms of the co
cientsb1Jr(kA/v) andb2J2r(2kA/v). Obviously, as in the
absence of asymmetry, the steps take place only atrv val-
ues. The suppression of one of thesedead bandscan be done
for symmetric potentials by choosing a zero point of t
Bessel function; in the asymmetric case, a control of
widths of these bands can still be achieved by a pro
choice of A and v. The presence of noise can unlock th
system: the discontinuous jumps disappear and the wi
diminish. Analytical solutions for the stochastic case can
obtained for values of the parameters that lead to a symm
ric effective potential@5#. Evidently this picture is only valid
in the regime of highv. Outside this range, the more com
plex deterministic dynamics and its interplay with fluctu
tions can give rise to nontrivial effects@8#.

VI. CONCLUDING REMARKS

The method presented in this work provides a perturba
scheme in which some aspects of the dynamics of roc
thermal ratchets in the high-frequency regime can be pr
erly understood. We have found that the effectiveness
time correlations to generate net transport in the studied
tems is conditioned by two main factors. First, there is
argumentkA/v, which determines the effective weights o
the time dependent terms in the recurrence relations. Sec
there is the relative magnitude of the time associated w
fluctuations 1/(k2D) and the driving period 2p/v: when the
period decreases, higher noise intensities are needed to e
tively activate the cooperative effect of driving and brok
spatial symmetry. There are two main implications of the
results. First, in the range of small arguments, the effec
weights of the time dependent terms are given by the fu
tionsJ1(kA/v) andJ1(2kA/v); consequently the current in
an unbiased potential tends to vanish askA/v diminishes.
Second, in the studied regime of high frequency and w
noise, there is a decrease in the effectiveness of the
correlations that is intrinsically linked to any increase in fr
quency: for a fixed value ofkA/v, the net transport slows
down for increasing frequencies. The same functional beh
ior determines the attenuation of ratchet effects in sligh
tilted potentials. The partially analytic character of th
method has allowed the identification, valid in any regime,
systems with different noise intensities and scaled determ
istic dynamics as equivalent from the point of view of th
generation of probability currents.

Our study has also revealed that, in the zero-order
proximation, the role of the driving force in the dynamics
just a renormalizationof the potential. This result, interes
ing in itself, can be used in this or in any other context
implement effective changes in potentials by using appro
ate driving terms. Indeed, we have presented an examp
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which this idea has been used to control the dynamics
tially, and drive the system to a different equilibrium co
figuration. In the same way, a control is feasible over
widths of the Shapiro steps in biased systems.

It is worthwhile to point out that in the first-order approx
mation the studied systems correspond to multiplicativ
driven thermal ratchets. Our results for these model syst
can be interesting as a first step in the study of the role
multiplicative colored noise, in particular quasiharmon
noise, in the generation of net macroscopic currents. A
ev
r-

e

y
s
f

h

dynamics is expected outside the range we have focuse
here.

Finally, we want to remark that the behavior found in o
study is robust when variations of the shape of the poten
are considered. In effect, each harmonic of the Fourier se
for a generic periodic potential leads, in the recurrence re
tion for the coefficients, to contributions characterized
Bessel functions with arguments given bykA/v multiplied
by the order of the harmonic, and the analysis made in
work can be repeated with the same qualitative results.
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